Introduction and Results {#Sec1}
========================

*Harmonic maps* play an important role in geometry, analysis and physics. On the one hand, they are one of the most studied variational problems in geometric analysis, and on the other hand they naturally appear in various branches of theoretical physics, for example as critical points of the non-linear sigma model or in the theory of elasticity. Mathematically, they are defined as critical points of the Dirichlet energy$$\documentclass[12pt]{minimal}
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                \begin{document}$$\phi :M\rightarrow N$$\end{document}$ is a map between the two Riemannian manifolds $\documentclass[12pt]{minimal}
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                \begin{document}$$(N,g)$$\end{document}$. The critical points of ([1.1](#Equ1){ref-type=""}) are characterized by the vanishing of the so-called *tension field*, which is given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 0=\tau (\phi ):={\text {Tr}}_h\nabla \mathrm{{d}}\phi . \end{aligned}$$\end{document}$$This is a semilinear, elliptic second-order partial differential equation, for which many results on existence and qualitative behavior of its solutions have been obtained. For a recent survey on harmonic maps see \[[@CR15]\]. Due to their non-linear nature, harmonic maps do not always need to exist. For example, if $\documentclass[12pt]{minimal}
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                \begin{document}$$\deg \phi =\pm 1$$\end{document}$ regardless of the chosen metrics \[[@CR12]\].

In these cases one may consider the following generalization of the harmonic map equation, the so-called *biharmonic maps*. These arise as critical points of the bienergy \[[@CR16]\], which is defined as$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} E_2(\phi )=\int _M|\tau (\phi )|^2\text {d}V. \end{aligned}$$\end{document}$$In contrast to the harmonic map equation, the biharmonic map equation is an elliptic equation of fourth order and is characterized by the vanishing of the *bitension field*$$\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$ is the connection Laplacian on $\documentclass[12pt]{minimal}
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                \begin{document}$$R^N$$\end{document}$ denotes the curvature tensor of the target manifold $\documentclass[12pt]{minimal}
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                \begin{document}$$N$$\end{document}$. We make use of the Einstein summation convention, meaning that we sum over repeated indices.

In the literature that studies analytical aspects of biharmonic maps, one refers to ([1.2](#Equ2){ref-type=""}) as the energy functional for *intrinsic biharmonic maps*.

For a survey on biharmonic maps between Riemannian manifolds, we refer to \[[@CR10]\] and \[[@CR26]\].

In this article we want to focus on the study of an action functional that interpolates between the actions for harmonic and biharmonic maps$$\documentclass[12pt]{minimal}
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                \begin{document}$$\delta _1, \delta _2\in \mathbb {R}$$\end{document}$.

This functional appears at several places in the physics literature. In string theory it is known as *bosonic string with extrinsic curvature term*, see \[[@CR17], [@CR28]\].

On the mathematical side there have been several articles dealing with some particular aspect of ([1.3](#Equ3){ref-type=""}). Up to the best knowledge of the author the first place where the functional ([1.3](#Equ3){ref-type=""}) was mentioned is \[[@CR13], pp.134--135\] with $\documentclass[12pt]{minimal}
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                \begin{document}$$N$$\end{document}$ negative sectional curvature then the critical points of ([1.3](#Equ3){ref-type=""}) reduce to harmonic maps. Later it was shown in \[[@CR20], p.191\] that no critical points exist if one does not impose the curvature condition on $\documentclass[12pt]{minimal}
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                \begin{document}$$\deg \phi =1$$\end{document}$. Some analytic questions related to critical points of ([1.3](#Equ3){ref-type=""}) have been discussed in \[[@CR19]\] assuming $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta _1=2,\delta _2=1$$\end{document}$. For the sake of completeness we want to mention that the functional ([1.3](#Equ3){ref-type=""}) with $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta _2=\frac{1}{2}$$\end{document}$ is also presented in the survey article "A report on harmonic maps", see \[[@CR11], p.28, Example (6.30)\].

In \[[@CR21]\] the authors initiate an extensive study of ([1.3](#Equ3){ref-type=""}) assuming $\documentclass[12pt]{minimal}
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                \begin{document}$$\phi $$\end{document}$ is an immersion. They consider variations of ([1.3](#Equ3){ref-type=""}) that are normal to the image $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi (M)\subset N$$\end{document}$. In this setup they call critical points of ([1.3](#Equ3){ref-type=""}) *biminimal immersions*. They also point out possible applications of their model to the theory of elasticity.

Up to now there exist several results on biminimal immersions, see for example \[[@CR9]\] for biminimal hypersurfaces into spheres, \[[@CR23]\] for biminimal submanifolds in manifolds of non-positive curvature and \[[@CR24]\] for biminimal submanifolds of Euclidean space. Instead of investigating maps that are immersions, we here want to put the focus on arbitrary maps between Riemannian manifolds.

The critical points of ([1.3](#Equ3){ref-type=""}) will be referred to as *interpolating sesqui-harmonic maps* and are given by$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \delta _2\Delta \tau (\phi )=\delta _2 R^N(\mathrm{{d}}\phi (e_\alpha ),\tau (\phi ))\mathrm{{d}}\phi (e_\alpha )+\delta _1\tau (\phi ), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$$\tau (\phi )$$\end{document}$ denotes the tension field of the map $\documentclass[12pt]{minimal}
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                \begin{document}$$\Delta $$\end{document}$ we are representing the connection Laplacian on the vector bundle $\documentclass[12pt]{minimal}
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As in the case of biharmonic maps, it is obvious that harmonic maps solve ([1.4](#Equ4){ref-type=""}). For this reason we are mostly interested in solutions of ([1.4](#Equ4){ref-type=""}) that are not harmonic maps. However, we can expect that as in the case of biharmonic maps there may be many situations in which solutions of ([1.4](#Equ4){ref-type=""}) will be harmonic maps. In particular, we can expect that this is the case if $\documentclass[12pt]{minimal}
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                \begin{document}$$\delta _2$$\end{document}$ have opposite sign, we might expect a different behavior of solutions of ([1.4](#Equ4){ref-type=""}) since in this case the two terms in the energy functional ([1.3](#Equ3){ref-type=""}) are competing with each other and the energy functional can become unbounded from above and below.

This article is organized as follows: In Sect. [2](#Sec2){ref-type="sec"} we study basic features of interpolating sesqui-harmonic maps. Afterwards, in Sect. [3](#Sec4){ref-type="sec"}, we derive several explicit solutions of the interpolating sesqui-harmonic map equation and in the last section we provide several results that characterize the qualitative behavior of interpolating sesqui-harmonic maps.

Throughout this paper we will make use of the following conventions. Whenever choosing local coordinates we will use Greek letters to denote indices on the domain $\documentclass[12pt]{minimal}
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Interpolating Sesqui-Harmonic Maps {#Sec2}
==================================

In this section we analyze the basic features of the action functional ([1.3](#Equ3){ref-type=""}) and start by calculating its critical points.

Proposition 2.1 {#FPar1}
---------------

The critical points of ([1.3](#Equ3){ref-type=""}) are given by$$\documentclass[12pt]{minimal}
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Proof {#FPar2}
-----

We choose Riemannian normal coordinates that satisfy $\documentclass[12pt]{minimal}
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Solutions of ([1.4](#Equ4){ref-type=""}) will be called *interpolating sesqui-harmonic maps*.[1](#Fn1){ref-type="fn"}

Remark 2.2 {#FPar3}
----------
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                \begin{document}$$M=S^4,N=S^k$$\end{document}$ solutions of ([1.4](#Equ4){ref-type=""}) were called *quasi-biharmonic maps* in \[[@CR30]\]. These arise when considering a sequence of weakly intrinsic biharmonic maps in dimension four. When taking the limit, one finds that quasi-biharmonic spheres separate at finitely many points as in many conformally invariant variational problems.
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Remark 2.4 {#FPar5}
----------

In order to highlight the dependence of the action functional ([1.3](#Equ3){ref-type=""}) on the metric on the domain $\documentclass[12pt]{minimal}
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In order to highlight the analytical structure of ([1.4](#Equ4){ref-type=""}) we take a look at the case of a spherical target. For biharmonic maps this was carried out in \[[@CR18]\] making use of a different method.

Proposition 2.5 {#FPar6}
---------------
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Proof {#FPar7}
-----
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By varying ([1.3](#Equ3){ref-type=""}) with respect to the domain metric, we obtain the energy-momentum tensor. Since the energy-momentum tensor for both harmonic and biharmonic maps is well known in the literature, we can directly give the desired result.

Proposition 2.6 {#FPar8}
---------------

The energy-momentum tensor associated to ([1.3](#Equ3){ref-type=""}) is given by$$\documentclass[12pt]{minimal}
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-----
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It can be directly seen that the energy-momentum tensor ([2.2](#Equ6){ref-type=""}) is symmetric. For the sake of completeness we prove the following:

Proposition 2.7 {#FPar10}
---------------

The energy-momentum tensor ([2.2](#Equ6){ref-type=""}) is divergence free.

Proof {#FPar11}
-----
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Conservation Laws for Targets with Symmetries {#Sec3}
---------------------------------------------

In this subsection we discuss how to obtain a conservation law for solutions of the interpolating sesqui-harmonic map equation in the case that the target manifold has a certain amount of symmetry, more precisely, if it possesses Killing vector fields. A similar discussion has been performed in \[[@CR4]\].
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In the following we will make use of the following facts:
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### Proof {#FPar15}

We choose Riemannian normal coordinates $\documentclass[12pt]{minimal}
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### Proposition 2.11 {#FPar16}
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### Proof {#FPar17}
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### Remark 2.12 {#FPar18}

In the physics literature the vector field ([2.5](#Equ9){ref-type=""}) is usually called *Noether current*.

Explicit Solutions of the Interpolating Sesqui-Harmonic Map Equation {#Sec4}
====================================================================

In this section we want to derive several explicit solutions to the Euler--Lagrange equation ([1.4](#Equ4){ref-type=""}). We can confirm that solutions may have a different behavior than biharmonic or harmonic maps.

Let us start in the most simple setup possible.

Example 3.1 {#FPar19}
-----------
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Example 3.2 {#FPar20}
-----------
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Interpolating Sesqui-Harmonic Functions in Flat Space {#Sec5}
-----------------------------------------------------

In this section we study interpolating sesqui-harmonic functions in flat space.
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A full in detail analysis of this equation is far beyond the scope of this article. Nevertheless, we will again see that solutions of ([3.1](#Equ10){ref-type=""}) may be very different from harmonic and biharmonic functions. We will be looking for radial solutions of ([3.1](#Equ10){ref-type=""}), where $\documentclass[12pt]{minimal}
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We cannot expect to find a unique solution to ([3.1](#Equ10){ref-type=""}) since we can always add a harmonic function once we have constructed a solution to ([3.1](#Equ10){ref-type=""}). Since we are considering $\documentclass[12pt]{minimal}
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Interpolating Sesqui-Harmonic Curves on the Three-Dimensional Sphere {#Sec6}
--------------------------------------------------------------------

In this subsection we study interpolating sesqui-harmonic curves on three-dimensional spheres with the round metric, where we follow the ideas from \[[@CR7]\].
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In this setup we have the following Frenet equations for the curve $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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### Lemma 3.3 {#FPar21}
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### Proof {#FPar22}
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### Corollary 3.4 {#FPar23}
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We directly obtain the following characterization of interpolating sesqui-harmonic curves:

### Proposition 3.5 {#FPar24}

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma :I\rightarrow N$$\end{document}$ be a curve in a three-dimensional Riemannian manifold. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K\le \frac{\delta _1}{\delta _2}$$\end{document}$, then any interpolating sesqui-harmonic curve is a geodesic.To obtain a non-geodesic interpolating sesqui-harmonic curve $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma :I\rightarrow S^3$$\end{document}$, we have to demand that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _2>\delta _1$$\end{document}$.

### Proposition 3.6 {#FPar25}
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### Proof {#FPar26}
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### Proposition 3.7 {#FPar27}
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### Proof {#FPar28}

Making use of the assumptions ([3.5](#Equ14){ref-type=""}) simplifies as$$\documentclass[12pt]{minimal}
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### Remark 3.8 {#FPar29}

Note that it is required in ([3.6](#Equ15){ref-type=""}) that $\documentclass[12pt]{minimal}
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### Theorem 3.9 {#FPar30}
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### Proof {#FPar31}

The most general ansatz for a solution of ([3.5](#Equ14){ref-type=""}) is given by$$\documentclass[12pt]{minimal}
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### Remark 3.10 {#FPar32}
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### Remark 3.11 {#FPar33}

If we compare our results with \[[@CR7], Theorem 3.3\], then we find that interpolating sesqui-harmonic curves on $\documentclass[12pt]{minimal}
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We want to close this subsection by mentioning that it is possible to generalize the results obtained from above to higher-dimensional spheres as was done for biharmonic curves in \[[@CR8]\].

The Qualitative Behavior of Solutions {#Sec7}
=====================================

In this section we study the qualitative behavior of interpolating sesqui-harmonic maps.

In the case of a one-dimensional domain and the target being a Riemannian manifold, the Euler--Lagrange equation reduces to$$\documentclass[12pt]{minimal}
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Proposition 4.1 {#FPar34}
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Proof {#FPar35}
-----
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As already stated in the introduction, it is obvious that harmonic maps solve ([1.4](#Equ4){ref-type=""}). We will give several conditions under which interpolating sesqui-harmonic maps must be harmonic generalizing several results from \[[@CR19], [@CR27]\]. To achieve these results we will frequently make use of the following Bochner formula:

Lemma 4.2 {#FPar36}
---------
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Proof {#FPar37}
-----
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Proposition 4.3 {#FPar38}
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Proof {#FPar39}
-----

The first statement follows directly from ([4.2](#Equ18){ref-type=""}) by application of the maximum principle. For the second statement we estimate ([4.2](#Equ18){ref-type=""}) as$$\documentclass[12pt]{minimal}
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Proposition 4.4 {#FPar40}
---------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi :M\rightarrow N$$\end{document}$ be a Riemannian immersion that solves ([1.4](#Equ4){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\tau (\phi )|=const$$\end{document}$. If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N$$\end{document}$ has non-positive curvature $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K^N\le 0$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _1,\delta _2$$\end{document}$ have the same sign, then $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi $$\end{document}$ must be harmonic.

Proof {#FPar41}
-----
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Theorem 4.5 {#FPar42}
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-----
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As for harmonic maps (\[[@CR29], Theorem 2\]) we can prove a unique continuation theorem for interpolating sesqui-harmonic maps. To obtain this result we recall the following (\[[@CR1], p.248\]):

Theorem 4.6 {#FPar44}
-----------
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Making use of this result we can prove the following:

Proposition 4.7 {#FPar45}
---------------
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Proof {#FPar46}
-----

The analytic structure of the interpolating sesqui-harmonic map equation is the following:$$\documentclass[12pt]{minimal}
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Interpolating Sesqui-Harmonic Maps with Vanishing Energy-Momentum Tensor {#Sec8}
------------------------------------------------------------------------

In this section we study the qualitative behavior of solutions to ([1.4](#Equ4){ref-type=""}) under the additional assumption that the energy-momentum tensor ([2.2](#Equ6){ref-type=""}) vanishes similar to \[[@CR22]\]. Such an assumption is partially motivated from physics: In physics one usually also varies the action functional ([1.3](#Equ3){ref-type=""}) with respect to the metric on the domain and the resulting Euler--Lagrange equation yields the vanishing of the energy-momentum tensor.

In the following we will often make use of the trace of the energy-momentum tensor ([2.2](#Equ6){ref-type=""}), which is given by (where $\documentclass[12pt]{minimal}
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### Proposition 4.8 {#FPar47}
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### Proposition 4.9 {#FPar49}
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### Proof {#FPar50}
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For a higher-dimensional domain we have the following result.

### Proposition 4.10 {#FPar51}
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### Proof {#FPar52}
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As a next step we rewrite the condition on the vanishing of the energy-momentum tensor.

### Proposition 4.11 {#FPar53}
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### Proof {#FPar54}

Rewriting the equation for the vanishing of the trace of the energy-momentum tensor ([4.4](#Equ20){ref-type=""}), we find$$\documentclass[12pt]{minimal}
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This allows us to give the following:

### Proposition 4.12 {#FPar55}
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### Proof {#FPar56}
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### Proposition 4.13 {#FPar57}
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### Proof {#FPar58}
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Conformal Construction of Interpolating Sesqui-Harmonic Maps {#Sec9}
------------------------------------------------------------

In \[[@CR3]\] the authors present a powerful construction method for biharmonic maps. Instead of trying to directly solve the fourth-order equation for biharmonic maps they assume the existence of a harmonic map and then perform a conformal transformation of the metric on the domain to render this map biharmonic. In particular, they call a metric that renders the identity map biharmonic, a *biharmonic metric*. In this section we will discuss if the same approach can also be used to construct interpolating sesqui-harmonic maps.
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### Proposition 4.14 {#FPar59}
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### Proof {#FPar60}
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In the following we will call a metric that renders the identity map interpolating sesqui-harmonic an *interpolating sesqui-harmonic metric*.

### Corollary 4.15 {#FPar61}
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### Proposition 4.16 {#FPar62}
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### Proof {#FPar63}

The Laplacian acting on one-forms satisfies the following Weitzenböck identity:$$\documentclass[12pt]{minimal}
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### Proposition 4.17 {#FPar64}
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### Proof {#FPar65}

Note that our sign convention for the Laplacian is different from the one used in \[[@CR3]\]. We define the one-form $\documentclass[12pt]{minimal}
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### Remark 4.18 {#FPar66}

In contrast to the case of biharmonic maps ([4.6](#Equ22){ref-type=""}) contains also a term involving $\documentclass[12pt]{minimal}
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                \begin{document}$$u$$\end{document}$ on the right-hand side. This reflects the fact that both harmonic and biharmonic maps on its own have a nice behavior under conformal deformations of the domain metric, whereas interpolating sesqui-harmonic maps do not. This prevents us from making a connection between interpolating sesqui-harmonic metrics and isoparametric functions as was done in \[[@CR3]\] for biharmonic maps.

A Liouville-Type Theorem for Interpolating Sesqui-Harmonic Maps Between Complete Manifolds {#Sec10}
------------------------------------------------------------------------------------------

In this section we will prove a Liouville-type theorem for solutions of ([1.4](#Equ4){ref-type=""}) between complete Riemannian manifolds generalizing a similar result for biharmonic maps from \[[@CR25]\]. For more Liouville-type theorems for biharmonic maps see \[[@CR5], [@CR6]\] and references therein.

To this end we will make use of the following result due to Gaffney \[[@CR14]\]:

### Theorem 4.19 {#FPar67}
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### Theorem 4.20 {#FPar68}
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### Proof {#FPar69}

We choose a cutoff function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0\le \eta \le 1$$\end{document}$ on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M$$\end{document}$ that satisfies$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \eta (x)=1\text { for } x\in B_R(x_0),\qquad \eta (x)=0\text { for } x\in B_{2R}(x_0),\qquad |\nabla \eta |\le \frac{C}{R}\text { for } x\in M, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$B_R(x_0)$$\end{document}$ denotes the geodesic ball around the point $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$x_0$$\end{document}$ with radius $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R$$\end{document}$.

We test the interpolating sesqui-harmonic map equation ([1.4](#Equ4){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta ^2\tau (\phi )|\tau (\phi )|^{p-2}$$\end{document}$ and find$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\eta ^2|\tau (\phi )|^{p-2}\langle \Delta \tau (\phi ),\tau (\phi )\rangle = \eta ^2|\tau (\phi )|^{p-2}\langle R^N(\mathrm{{d}}\phi (e_\alpha ),\tau (\phi ))\mathrm{{d}}\phi (e_\alpha ),\tau (\phi )\rangle \\&\quad +\frac{\delta _1}{\delta _2}\eta ^2|\tau (\phi )|^{p} \ge 0, \end{aligned}$$\end{document}$$where we made use of the assumptions on the curvature of the target and the signs of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _2$$\end{document}$. Integrating over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M$$\end{document}$ and using integration by parts we obtain$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\int _M\eta ^2|\tau (\phi )|^{p-2}\langle \Delta \tau (\phi ),\tau (\phi ) \rangle \text {d}V\\&\quad =-2\int _M\langle \nabla \tau (\phi ),\tau (\phi )\rangle |\tau (\phi )|^{p-2} \eta \nabla \eta \text {d}V\\&\qquad -(p-2)\int _M\eta ^2|\langle \nabla \tau (\phi ),\tau (\phi )\rangle |^2| \tau (\phi )|^{p-4}\text {d}V\\&\qquad -\int _M\eta ^2|\nabla \tau (\phi )|^2|\tau (\phi )|^{p-2}\text {d}V\\&\quad \le \frac{C}{R^2}\int _M|\tau (\phi )|^{p}\text {d}V-\frac{1}{2}\int _M\eta ^2|\nabla \tau (\phi )|^2|\tau (\phi )|^{p-2}\text {d}V\\&\qquad -(p-2)\int _M\eta ^2|\langle \nabla \tau (\phi ),\tau (\phi )\rangle |^2|\tau (\phi )|^{p-4}\text {d}V, \end{aligned}$$\end{document}$$where we used Young's inequality and the properties of the cutoff function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta $$\end{document}$. Combining both equations we find$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\frac{1}{2}\int _M\eta ^2|\nabla \tau (\phi )|^2|\tau (\phi )|^{p-2}\text {d}V\le \frac{C}{R^2}\int _M|\tau (\phi )|^{p}\text {d}V\\&\quad -(p-2)\int _M\eta ^2|\langle \nabla \tau (\phi ),\tau (\phi )\rangle |^2|\tau (\phi )|^{p}\text {d}V. \end{aligned}$$\end{document}$$Letting $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$R\rightarrow \infty $$\end{document}$ and using the finiteness assumption of the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^p$$\end{document}$ norm of the tension field, we may deduce that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau (\phi )$$\end{document}$ is parallel and thus has constant norm.

To establish the first claim of the theorem, we make use of Theorem [4.19](#FPar67){ref-type="sec"}. We define a one-form $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\omega $$\end{document}$ by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \omega (X):=|\tau (\phi )|^{\frac{p}{2}-1}\langle \mathrm{{d}}\phi (X),\tau (\phi )\rangle , \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X$$\end{document}$ is a vector field on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M$$\end{document}$. Note that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \int _M|\omega |\text {d}V\le \int _M|\mathrm{{d}}\phi ||\tau (\phi )|^{\frac{p}{2}}\text {d}V\le \Big (\int _M|\mathrm{{d}}\phi |^2\text {d}V\Big )^\frac{1}{2}\Big (\int _M|\tau (\phi )|^p\text {d}V\Big )^\frac{1}{2}<\infty . \end{aligned}$$\end{document}$$Using that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\tau (\phi )|$$\end{document}$ has constant norm we find by a direct calculation that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta \omega =|\tau (\phi )|^{\frac{p}{2}+1}$$\end{document}$. Again, since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\tau (\phi )|$$\end{document}$ has constant norm and the $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$L^p$$\end{document}$-norm of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau (\phi )$$\end{document}$ is bounded, we find that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|\delta \omega |$$\end{document}$ is integrable over $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M$$\end{document}$. By application of Theorem [4.19](#FPar67){ref-type="sec"} we can then deduce that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\tau (\phi )=0$$\end{document}$.

To prove the second claim, we note that $\documentclass[12pt]{minimal}
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Finding an appropriate name for solutions of ([1.4](#Equ4){ref-type=""}) turned out to be subtle. The author would like to thank John Wood for suggesting the word "sesqui."
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